In this paper, we investigate some nonlinear integral inequalities with weakly singular kernel which can be used as tools in deriving boundedness of the solutions of certain fractional differential equations and integral equations. Our results generalize and improve some results in the literature. Besides, we give some applications for some fractional differential equations involving the Riemann-Liouville derivative and the Caputo derivative, respectively.
Introduction
In the study of the qualitative and quantitative properties of solutions of some fractional differential equations, many inequalities with singular kernels have been developed (for example, see [-] and the references therein). In these inequalities, Medveď [] discussed the following useful integral inequality:
u(t) ≤ a(t) + t

 (t -s)
β- f (s)w u(s) ds, t > , which came from the study of a global existence and an exponential decay result for a parabolic Cauchy problem by Henry [] . Ma and Pečarić [] used the modification of Medveď's method [] to study some new weakly singular integral inequality of Henry's type:
and used it to study the boundedness of certain fractional differential equations with the Caputo fractional derivatives and integral equations involving the Erdélyi-Kober fractional integrals. Recently, Ye and Gao [] studied a Henry-Gronwall type retarded integral inequalities:
u(t) ≤ a(t) + t t  (t -s) β- b(s)u(s -r) ds, t ∈ [t  , T), u(t) ≤ φ(t), t ∈ [t  -r, t  ),
and used it to obtain boundedness of a class of fractional differential equations. Very recently, Lin [] established some new weakly singular integral inequality of GronwallBellman type:
with the conditions that b i (t) (i = , , . . . , n) are bounded and monotonically increasing and used it to deal with the uniqueness of solutions for fractional differential equations.
In this paper, we discuss the more general integral inequality with weakly singular kernel:
where the real constants
. . , n), and we have the following retarded integral inequality with weakly singular kernel:
Our results not only generalize some integral inequalities that have been studied in [] and improve the results of [] by removing the conditions that c j (t) (j = , , . . . , n) are bounded and monotonically increasing but also provide a handy tool to derive the boundedness of the solutions of certain fractional differential equations and integral equations.
Throughout the present paper, N denotes the set of the natural numbers; R denotes the set of the real numbers; R + = [, +∞) is the subset of R; and C(D, E) denotes the class of all continuous functions defined on the set D with range in the set E.
Preliminaries and main results
The following lemmas are useful in our main results.
Lemma . (Jensen's inequality) Let n ∈ N, and a  , a  , . . . , a n ∈ R + . Then, for r > , 
Lemma . []
Let c ≥ , x ≥ , and  ≤ λ < . Then, for any k > ,
where the real constants  ≤ γ i <  (i = , , . . . , n), then, for any positive functions
where
Proof From Lemma . and (), we get, for t ∈ [t  , T),
Define z(t) by the right side of (), then z(
is nonnegative and nondecreasing, and
which implies that
and then we get
By the arbitrariness of T  ∈ (t  , T), we obtain the inequality (). The proof is complete.
, and
where the real constants  ≤ γ i <  (i = , , . . . , n). Then, for any positive functions
Proof From (), for t ∈ [t  , t  + r), we can easily get
From Lemma . and (), for t ∈ [t  + r, T) and any positive functions
, we obtain the following inequality:
then z(t  ) = , u(t) ≤ A(t) + z(t), z(t) is nonnegative and nondecreasing and
Based on a straightforward computation, from (), we have
By the arbitrariness of T  ∈ (t  + r, T), we obtain the inequality (). The proof is complete.
Remark . Assume that for Lemma ., if b(t) = , c i (t) = , i = , , . . . , n, then we can obtain Lemma . in [] .
where the real constants α i >  (i = , , . . . , l) and β j > ,  ≤ γ j <  (j = , , . . . , n). Then, for any positive functions k j (t) ∈ C([t  , T), (, +∞)) (j = , , . . . , n), the following assertions hold:
Proof (i) For t ∈ [t  , T), from (), using the Cauchy-Schwarz inequality and a simple computation,
Using Lemma ., we obtain
where H(t), F(t), K j (t), and G j (t) (j = , , . . . , n) are defined in (). Using Lemma ., we get, for any positive functions
where A(t), B(t), and B j (t) (j = , , . . . , n) are defined in (). From the definition of w(t), we get ().
(ii) For t ∈ [t  , T), by the hypothesis, we get
Using the Hölder inequality and a simple computation, we obtain
where H(t), K j (t) (j = , , . . . , n), F(t), and G j (t) (j = , , . . . , n) are defined in (). Using Lemma ., we have, for any positive functions
where A(t), B(t), and B j (t) (j = , , . . . , n) are defined in (). From the definition of w(t), we get (). The proof is complete.
. . , n), the following assertions hold:
where 
and
where H(t), F(t), φ  (t), K j (t) and G j (t) (j = , , . . . , n) are defined in (). Using Lemma ., we get, for any positive functions k j (t) ∈ C([t  , T), (, +∞)) (j = , , . . . , n), 
w(t) ≤ A(t) + B(t)
t
Applications
In this section, we present some applications in studying the boundedness of the solutions of certain fractional differential equations with a Riemann-Liouville fractional derivative and a Caputo fractional derivative, respectively. First, we consider some fractional differential equations with the Riemann-Liouville fractional derivative. The Riemann-Liouville fractional order derivative and fractional integral are defined as follows. 
